Abstract. We determine the R-ratio for massless quarks in several renormalization schemes to various loop orders. These are the momentum subtraction schemes of Celmaster and Gonsalves as well as the minimal momentum subtraction scheme. The dependence of the R-ratio on the schemes is analysed.
1 Introduction.
The electron-positron annihilation cross-section is a quantity which is of immense interest experimentally and theoretically. It provides an avenue to access the structure of hadrons via high energy particle beams. Known as the R-ratio the e + e − hadronic cross-section can be computed in perturbation theory. By this we mean that the corrections from Quantum Chromodynamics (QCD) to the leading order parton prediction can in principle be determined order by order in the strong coupling constant. Indeed as the parton model prediction depends on the squares of the parton charges, experimental measurements were used to confirm the fact that the partons themselves had fractional rather than integer values. With the advent of higher energy colliders the QCD corrections were necessary for making precision measurements of the value of the strong coupling constant. Over several decades the R-ratio has been computed to four loop orders. The leading correction was determined in [1, 2] . Subsequently, several groups independently calculated the two loop graphs in [3, 4, 5, 6] . While the three, [7, 8, 9] , and four loop, [10, 11, 12] , results took longer to determine. In summarizing the perturbative side of our R-ratio knowledge we have omitted some of the technical issues. First, the computations of [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] were for the unrealistic case of massless quarks. In the real world quarks have a hierarchy of masses which have to be taken into account. In this respect there have been various analyses of the R-ratio where quark mass effects have been included. See, for example, [13, 14] . Another aspect of using a quantum field theory approach is that inevitably one has to include or estimate non-perturbative effects such as renormalons. Partly related to this is the estimation of the truncation errors on the series. This is important for making precision measurements. One way to quantify this is to use the last term of the perturbative expansion as a measure of the error bar. Though this would seem to be a limited use of the considerable effort put into calculating the four or higher loop corrections in the first place. Next in the early work of calculating the R-ratio it was noticed in [5, 6] that the choice of renormalization scheme used to handle the underlying divergences in the Feynman diagrams could lead to differing rates of the convergence of the series. This is not limited, of course, to the R-ratio but applies to any perturbatively computed quantity. In [6] the observation was made in respect of comparing the minimal subtraction (MS) scheme with the modified minimal subtraction (MS) scheme, [15] . However, in [5, 6] the R-ratio was calculated at two loops in the then recently developed momentum subtraction (MOM) scheme of [16, 17] . The results in that scheme were numerically similar to the MS result to the same order in that the coefficients of the series appeared to be smaller than those for the MS scheme. Indeed for certain values of N f , which is the number of massless quark flavours, the MOM scheme seemed to have smaller numerical coefficients when compared to the MS ones. As a consequence it was suggested in [5, 6] that the MOM scheme might be considered as the preferred renormalization scheme.
There are several advantages and disadvantages to using a MOM scheme for physical quantities instead of MS. First, the MS scheme is widely used since it is computationally easier to go to very high loop order. The nature of the scheme is such that only poles with respect to the regularization are removed from the quantity being computed. No finite parts are removed, aside from the contribution of ln(4πe −γ ), where γ is the Euler-Mascheroni constant. This factor in essence is the quantity which differentiates between the MS and MS schemes. Hence, in light of the way the MS scheme is defined one can essentially define the MS renormalization constants at any external momentum configuration for the Green's function in question. For pragmatic reasons the canonical choice is a point at which it is straightforward to compute all the contributing Feynman integrals. This is assuming, of course, that such a momentum configuration does not introduce infrared divergences. Although the infrared rearrangement technique of [18, 19] circumvents this in situations where such a problem arises it allows one to extract the unblemished renormalization constants. However, in this description of the MS scheme we have implicitly referred to what could be regarded as a disadvantage of the scheme, which is that it is not physical. The MS renormalization of, say, the strong coupling constant which is derived from one of the vertices of the QCD Lagrangian carries no information about the external momentum configuration which one could imagine would be relevant to a physical measurement of such a decay process. Such information of the underlying vertex or process itself could never be quantified in the residues of the poles of the renormalization constant since such poles are dependent on the regulator which is lifted at the end of the computation. Instead it would be included in the finite part of the renormalization constant and transmitted via the renormalization group evolution. This was the motivation behind the MOM schemes of [16, 17] . In [17] the 3-point vertices of the QCD Lagrangian were renormalized at the completely symmetric point. By this we mean the values of the squared momenta of the external legs were all equal. This is not sufficient in itself to define a MOM scheme as in this external momentum configuration the usual MS coupling constant renormalization constant emerges in the computation. Instead the MOM schemes are defined by choosing the coupling constant renormalization constant such that at the symmetric point after renormalization there are no O(g 2 ) corrections where g is the coupling constant. Thus the MOM schemes are physical and carry information about the vertex at a specific momentum configuration unlike MS. As an aside this external momentum configuration is non-exceptional and so there are no infrared issues. In introducing the MOM schemes of [16, 17] there are three different MOM schemes depending on whether it is defined relative to the triple gluon, ghost-gluon or quark-gluon vertices. They are denoted by MOMggg, MOMh and MOMq respectively. Though it is a moot point as to whether MOMh can be regarded as a truly physical scheme as it is defined with respect to a vertex which contains a fictitious field deriving from the gauge fixing condition. In [16, 17] the MOM schemes were defined for QCD fixed in a linear covariant gauge. In other gauges the MOM schemes will be different. In the context of the R-ratio of [5, 6] it was the MOMq scheme which was analysed in detail since that scheme is most closely aligned with the nature of the underlying Feynman graphs.
While the MS evaluation of the R-ratio has progressed to four loops in recent years, [7, 8, 9, 10, 11, 12] , the MOM scheme renormalization of QCD of [16, 17] has not been developed at the same rate and remained at the original two loop level until recently. In [20] the two loop extension to [17] was provided with the full analysis of all three 3-point vertices of the QCD Lagrangian at the fully symmetric point. Via the renormalization group this means that the three loop β-functions for each of the three MOM schemes are now known for all linear covariant gauges, [20] . For the Landau gauge, which will be the focus here for reasons which will be indicated later, this means that the three loop coefficient differs from that of the MS β-function. This is the first place the scheme difference of the β-functions becomes manifest. Now that the two loop extension of [17] is available it is possible to examine the MOMq scheme R-ratio of [6] to the next order and compare it with the MS expresssion. This is the main purpose of this article. However, as an exercise in analysing a physical quantity in various physical and unphysical schemes we will include the MOMggg and MOMh schemes for completeness. This is partly for comparison even though MOMq is the natural scheme for the R-ratio. One aim is to see if the coefficients of the series in the different schemes show improved convergence and if there are any differences between physical and unphysical schemes. In the analysis we will include another scheme which is termed minimal-MOM and denoted by mMOM. It was introduced in [21] with the four loop mMOM QCD β-function deduced from the results of [22] . The renormalization group functions recorded in [21] were verified by explicit computations in [23] . The mMOM scheme is based on an extension of a property of the ghost-gluon vertex. Specfically in the Landau gauge this vertex does not get renormalized when one leg has a nullified momentum and leads to a non-renormalization theorem, [24] . In this sense the mMOM scheme could be regarded as being similar to MS in that the renormalization point is exceptional. Indeed examining the higher order mMOM β-function the mathematical structure involves rationals and the Riemann zeta functions like the MS one and not the polylogarithms of the MOM schemes of [16, 17] . One reason for including the mMOM scheme in our analysis is that its four loop β-function is known, [21] , which will allow us to compare its R-ratio with the MS one at the same order. Moreover it will complement a similar analysis carried out in [21] for other quantities such as the Adler function. The actual evaluation of the R-ratio in all of these schemes is straightforward as it entails using the mapping of the coupling constant variable from one scheme to the other. In some sense one could regard the MS evaluation of a quantity as the foundational or bare scheme from which the physical scheme value is deduced by parameter mapping. So if there is some overall difference between the unphysical MS scheme value compared to a MOM one it should be quantifiable which is one of our secondary aims. Alternatively it could provide a novel way of extracting theoretical errors on the strong coupling constant. Finally, as this is an exercise in comparing the behaviour of the R-ratio in different renormalization schemes we have to compare like quantities. Therefore we do not include quark masses or non-perturbative renormalon features. The reason for the exclusion of the former is that the MOM schemes of [16, 17] were defined for massless quarks. Aside from [14] as far as we are aware there have been no attempts to define quark mass dependent MOM schemes.
The article is organized as follows. The relevant aspects of the renormalization group functions for each scheme are reviewed in section 2 where we also recall the coupling constant maps. Section 3 contains the R-ratio in each of the MOM schemes we consider and a discussion of the status of the convergence. A more detailed analysis is given in section 4 where the effects of the running coupling constant are inlcuded. Issues to do with gauges other than the Landau gauge are given there as well. Section 5 summarizes our conclusions.
Background.
We begin by recalling the various main features of the momentum subtraction based schemes we will be concentrating on. First, we note that our reference scheme is the MS scheme which is the modified minimal subtraction scheme introduced in [15] . It is an extension of the original minimal subtraction (MS) scheme of [25] where the only divergences with respect to the regularizing parameter are absorbed by the renormalization constants at the point chosen for the subtraction. As noted in [15] the convergence of perturbative series appears to be quicker if one also includes a specific finite part in the renormalization constants. This is ln(4πe −γ ) and this quantity derives from the expansion of the d-dimensional factor in the measure of each loop integral corresponding to the volume of the d-dimensional unit sphere when the quantum field theory is dimensionally regularized. In including this extra finite piece the MS scheme still remains a mass independent scheme and the coefficients in the β-function remain gauge parameter independent unlike a mass dependent scheme such as the MOM ones, [16, 17] . To assist with making contact with conventions used in different articles we will use the following form for the MS β-function. Defining the β-function in the generic scheme S by
then the first four coefficients are, [26, 27, 28, 29, 30, 31, 32] ,
where ζ(z) is the Riemann zeta function, C F , C A and T F are the usual colour group Casimirs and N A is the dimension of the adjoint representation of the colour group. At four loops several new rank four Casimirs arise, [31, 32] , which are defined by
where the completely symmetric tensor d abcd
with the group generators T a in representation R i . Here F and A denote the fundamental and adjoint representations. The number of quarks is N f and throughout we assume that the quark masses are zero. This is primarily because the MOM scheme renormalizations were established in the absence of quark masses. We note that we use a = g 2 /(16π 2 ) where g is the gauge field coupling constant. The strong coupling constant α s is related to g by α s = g 2 /(4π). We will use a throughout to be consistent with previous work upon which this article is based, [20] , but it is straightforward to convert to other conventions.
The three main MOM schemes we consider here were introduced in [16, 17] and are based on the three 3-point vertices of the QCD Lagrangian when it is fixed in a linear covariant gauge. In other words the triple gluon, ghost-gluon and quark-gluon vertices which lead respectively to the MOMggg, MOMh and MOMq schemes. The definition of each scheme is in essence the same. The specific vertex is evaluated at the completely symmetric point where the value of the square of the momentum of each external leg is equal and set to (−µ 2 ) where µ is the scale introduced to ensure the coupling constant is dimensionless in d-dimensions when the theory is dimensionally regularized. Then at this particular external momentum configuration the coupling constant renormalization constant is defined by the condition that after renormalization there are no O(a) corrections, [16, 17] . In addition the wave function renormalization constants of the fields associated with each vertex are also constructed in a similar way, [16, 17] . In other words for the gluon, ghost and quark 2-point functions the wave function renormalization constants are determined by the condition that after renormalization there are no O(a) contributions. The two loop extension of [17] was carried out in [20] . One interesting property is that once the Lth loop computation has been accomplished it is possible to deduce the (L + 1)th loop renormalization group functions provided that the MS renormalization group functions are available at that order. This is possible due to properties of the renormalization group equation and the fact that one can construct the relation between the coupling constant as defined with respect to the MS scheme and that in another scheme. Indeed this is the key to converting the R-ratio to the MOM schemes from the known MS result of [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . Also the three loop MOM β-functions will be required for our comparitive analysis later. The fourth momentum subtraction scheme we consider is mMOM, [21] . It derives from the Slavnov-Taylor identity for the ghost-gluon vertex in the Landau gauge. Specifically in that gauge the vertex undergoes no renormalization when an external leg momentum is set to zero. So the renormalization condition for the mMOM coupling constant renormalization is that the ghost-gluon vertex renormalization is the same as the MS case. In this respect the mMOM scheme differs from the MOM ones of [16, 17] in that the subtraction point where the scheme is defined is exceptional. However, the main reason for including it in the present analysis is that the mMOM β-function is the only other β-function available at four loops, [22, 23] .
Since the three loop MOM β-functions and coupling constant maps were constructed in earlier work we merely record both sets of results numerically for N f flavours. Again this is partly due to space considerations but also to make contact with conventions. The full expressions were provided in the respective articles. However, for completeness here, we provide an attached data file where all the analytic expressions we have used are provided to assist an interested reader. For the MOM schemes at two loops special functions evaluated at specific arguments occur and to assist the conversion to numerical values we record the values we used were ζ(3) = 1.20205690 , ζ(5) = 1.03692776 , ζ(7) = 1.00834928
where ψ(z) is the derivative of the logarithm of the Euler Γ-function and
with Li n (z) corresponding to the polylogarithm function. Equally we note that several other quantities can be expressed in terms of polylogarithms. For example,
where Cl 2 (θ) is the Clausen function which is related to the dilogarithm by Throughout all our numerical expressions will be for the SU (3) colour group. For the mMOM scheme we have provided the four loop term as the coupling constant map is known to the requisite order, [22, 23] . This is primarily because that scheme is defined with respect to a vertex function where there is a nullified external momentum. However, in this scheme and the other three MOM schemes we should emphasise that as they are mass dependent renormalization schemes their β-functions are not only scheme dependent at two loops but they also gauge dependent. This is evident in the expressions given in [16, 17] and implies, moreover, that the coupling constant mappings are gauge dependent. However, we have presented the expressions here in the Landau gauge. One reason for concentrating on this gauge is that in the path integral formulation of the gauge fixing procedure the limit α → 0 is included in order that the gauge condition ∂ µ A a µ = 0 is functionally implemented, where A a µ is the gluon and α is the gauge parameter of the linear covariant gauge. Ordinarily since one computes in MS and the β-function is gauge parameter independent in that scheme, [25] , one usually ignores this formal limit. Indeed one usually chooses an alternative gauge such as the Feynman gauge where the actual Feynman graphs are simpler and hence quicker to evaluate. For the mass dependent schemes one can no longer use this computational shortcut. Though we should note that in the Landau gauge the two loop term of each of the MOM β-functions precisely equate with the scheme independent term of the MS β-function as is numerically evident.
In recording the numerical value of the MS scheme one can compare the values of the various corrections in different schemes. For example, considering the Yang-Mills case as a reference the three loop terms of the MOMggg and MS schemes are of comparable size but smaller than the corresponding term in the other three schemes. Though for the mMOM and MS four loop terms the former has a smaller value and differing sign. One basic lesson that one could learn from this is that a smaller coefficient in a scheme dependent term at a particular loop order in one scheme is not necessarily smaller in that scheme at the next loop order. These observations on the magnitude of the corrections in the terms in each of the schemes in question will be similar in the other quantities we consider here. For instance, the mappings of the coupling constants defined in the various schemes numerically are, [16, 17, 20, 21] , where we use MS are the reference scheme on the right hand side and omit the label as our convention. We do not include the mappings of the gauge parameter in the various schemes since we have chosen the Landau gauge. All the gauge parameter mappings from the MOM schemes to the MS scheme are proportional to the gauge parameter. So choosing the Landau gauge in one scheme implies that one has to use the Landau gauge in the other scheme. Related to the coupling constant scheme mappings are the relations between the Λ parameters in the various schemes. This parameter in essence is the constant of integration when one solves the first order differential equation defining the running of the coupling constant in terms of the β-function. It is different in different schemes but the ratio of Λ in two schemes can be determined by a simple one loop calculation. As it will play a role in our analysis later we record the relations we will need for the various schemes and values of N f in Table 1 
MOM R-ratios.
Having discussed the various renormalization schemes and the relation between them we can construct the expressions for the R-ratio of the MOM schemes. The starting point is the MS R-ratio, [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12] . To reproduce the two loop MOMq correction of [5, 6] the method is the same as that of the previous section for the renormalization group functions. One maps the MS coupling constant to the coupling constant of the MOM scheme of interest. Therefore to repeat the exercise of [5, 6] to the next order we begin with the three and four loop MS R-ratios of [7, 8, 9, 10, 11, 12] . The latter is required for the conversion to the mMOM scheme since the coupling constant map is known to the right order. For reference, we note that the three loop R-ratio is
where s is the centre of mass energy, N F is the dimension of the fundamental representation, Q f is the charge of the N f active quarks and d abc is the totally symmetric rank 3 tensor. It is related to the trace of three colour group generators and originates from three loop diagrams where there are two separate quark loops. The appearance of π 2 derives from the imaginary part of the mapping of the momentum from the Euclidean to the physical region as discussed, for instance, in [7] . The convention is that the scheme label on the quantity on the left side indicates the scheme the coupling constant is in on the right hand side. In order to save space we have not included the four loop term which is already available in [10, 11, 12] .
We can now take the analytic form for the coupling constant map and convert (3.1) to each of the MOM schemes. For MOMggg we have 
at three loops. For all the MOM schemes at this order the d abc d abc term will be formally the same as the MS case. However, the numbers associated with the definition of the symmetric point renormalization of the underlying 3-point vertices naturally appear in the full expression.
Equally for the MOMq case we have 
As this MOMq scheme was the scheme which Celmaster and Gonsalves used for their discussion of the magnitude of the higher order terms given the underlying quark nature of the R-ratio, we have checked that the O(a 2 ) term is in precise agreement with the corresponding term of [5, 6] .
Rather than repeat similar expressions for the other schemes as they add no further enlightenment and are included in the associated date file anyway, we present the results in numerical form. This is more practical for relative comparison. To facillitate this we use a similar notation to [10, 11, 12] and define r S (s) by where we have introduced
In effect (3.5) represents the main results of the article. With these expressions one sees a similar feature to the β-functions in the sense that comparing with the MS expression as the reference there is no clear pattern to the magnitude or signs of the coefficients. This is borne out if they are evaluated explicitly for various values of N f . For the non-singlet (NS) case, defined by η Q = 0, in ascending order of N f we have 
Interestingly the four loop term of the mMOM expression for each N f value is an order of magnitude smaller than the MS term, while the three loop term is consistently higher but not by the same amount. For the larger values of N f the two loop term of the MOMq scheme is marginally smaller (in our conventions) than the MS partner which would support the original observation of [5, 6] . This is also the case for the MOMggg scheme but not for MOMh. Both these schemes were not examined in [5, 6] . However, it should not be the case that the large variation in the corrections lead to significantly different interpretations of the R-ratio especially in the context of comparing with experimental data. Therefore we devote the next section to a more detailed analysis of these results.
Analysis.
For the first part of our analysis we note that we have reproduced the results of Table III of [6] .
In that table the two loop correction to r MOMq (s) was evaluated for each N f at a particular value of the momentum and representative value of Λ MOMq . It was compared to the same evaluation for the MS scheme. The observation was that the higher order corrections appeared to improve the convergence with both schemes giving approximately the same values. In repeating this exercise we need to first recall the method used and within this append the necessary formalism to extend it to higher loop orders. First, we denote the running coupling constant at the Lth loop order by a S L (Q, Λ) and define each of the ones we require by
for each scheme S where
We note that there are different choices for the higher order expressions but we have chosen to take the definitions recorded in the review in [35] . Next if we define the perturbative coefficients of r S (s) via
where r S 0 = 1 for all schemes then we can define the partial sums of the series by
We note that the series starts from the O(a) term and hence one has in effect defined an effective coupling constant whose root is in the R-ratio. Indeed as a side comment we note that this is a starting point for the method of effective charges discussed in [36, 37, 38, 39] . In [7] the three loop β-function for this effective charge was constructed based on the formalism given in [38] . We have repeated this exercise as part of the check on our partial sum construction here in each of the MOM schemes of interest and found that they are all formally equivalent. This is as it should be since the β-function of this effective charge method is a renormalization group invariant. Returning to the comparison with Table III of [6] in the present notation the results which were presented in [6] were a S 12 and a S 22 for MS and MOMq with Q = 3, 5, 20 and 40GeV respectively for N f = 3, 4, 5 and 6. The choices for the values of Λ were Λ MS = 500MeV and Λ MOMq = 850MeV. From the formalism given here with these specific values it is straightforward to recover Table III of [6] . However, we have extended it for each of the MOM schemes as well as for the MS scheme. The results for N f = 5 are given in Table 2 with Table 3 corresponding to the N f = 6 case. Several general comments are in order. First, for MOMggg, MOMh and MOMq the absent entries are due to the fact that the four loop β-functions for these schemes are not known. Next, in each Table we This is merely to gain a general appreciation of the effect of including higher order corrections but a different choice could be made. Rather than take Λ MOMq to be 850MeV we use the values of the Λ parameter ratios for the Landau gauge given in Table 1 . The small variation in the ratio for MOMq appears to be the justification behind the choice of 850MeV used in [6] for all values of N f considered there. However, we have chosen to apply the more precise ratios here mainly because the variation over the range in N f is more significant for several of the other schemes. Therefore, the values given in Tables 2 and 3 which are to be compared to those in [6] will not be precisely the same for this reason. Though we emphasise that taking the same values of the momentum and parameters used in [6] we do find exact agreement. We have not provided tables for N f = 3 and 4 because the values of Q used in [6] are too low. At three loops for these values of Q the contributions from the logarithm are large and affect the analysis.
Examining the entries in Tables 2 and 3 perhaps a reasonable guide to the rate of convergence can be seen from looking at the values for a S LL at the Lth loop. Though in this discussion we exclude L = 1 as it has no true contact with loop corrections. For MS and mMOM there are three such terms and for both N f = 5 and 6 it appears that not only both converge but they seem to be converging to the same value. In most cases the convergence is not monotonic decreasing unlike for N f = 5 for the MS scheme. For the other three schemes there are only two values to comment on and while each appear to be roughly the same value for L = 3 a conclusion cannot really be drawn as to the final value. Although they are not dissimilar to the corresponding number for the mMOM scheme. More instructive in understanding the situation is to examine plots of these partial sums for each of the schemes. In Figures 1 and 2 we have plotted a S LL (x) for L = 3 and 4 respectively for each of the four values of N f where we use the dimensionless variable x as shorthand for x = s/Λ. Although we only have two schemes to compare in Figure  2 . Unlike the data in Tables 2 and 3 , for the plots we provide we do not fix the value of Λ MS but use it as the reference Λ to which the parameter in the other schemes are related to it by the ratios in Table 1 . We have not provided the graphs for the two loop case as the lines for all the schemes lie on top of each other. This is because at this order the scheme dependence cancels out from the Λ parameter relation and the coupling constant map as well as the fact that in the Landau gauge the one and two loop coefficients of each β-function are the same. Only at three loops does the scheme dependence become evident which is due in the main to the scheme differences in b S 3 . Indeed it is for this reason that scheme issues could not be examined in the R-ratio until the three loop MOM QCD β-functions were known, [20] . However for larger values of Q the variation in values between each scheme diminishes which is not unexpected. At three As discussed earlier this may be due to these schemes being of a similar nature.
While this comparison between schemes is instructive in observing over what ranges the schemes give similar values for the partial sums, it is also useful to compare the convergence within each scheme for a S LL (x). We have provided these plots in Figures 3, 4 , 5, 6 and 7 for the MS, MOMggg, MOMh, MOMq and mMOM schemes respectively for L = 2, 3 and 4. Overall the partial sums decrease in value as L increases, with the largest reduction being for larger values of N f . For the two cases where four loop information is available the four loop plots are not significantly different from the three loop ones. This would be consistent with the observation that an increase in loop order may not improve precision by very much. However, the situation with the other three schemes is not conclusive. Each share the same property that there is a relatively large drop in the value from L = 2 to 3. In light of a similar observation for the MS and mMOM cases this would suggest that a determination of the four loop β-function would appear necessary in order to see whether that correction was significantly different from the three loop one. Once that was resolved the main issue would be if each of the schemes gave a similar precision. The curves in Figure 2 would be encouraging in this respect. However, this has to be tempered with the fact that both the MS and mMOM schemes have a similar aspect in their definition. In some sense they are related to an external momentum configuration of the vertex function where the subtraction is defined at a point where one external leg is nullified. This is evident for the mMOM scheme. For the MS scheme it is less apparent. To determine the renormalization constants for the coupling constant in QCD in MS there are several computational approaches. For reasons of calculational ease for each of the three 3-point vertices in the QCD Lagrangian one can set the external momentum of a specific leg to zero. This reduces all the Feynman graphs in effect to 2-point ones and so the extraction of the poles in the regularizing parameter are no more difficult than in computing the poles for the wave function renormalization. Moreover, this nullification procedure, known as infrared rearrangement [18, 19] , does not introduce any infrared problems. A nullified external momentum means that either the quark or gluon is on-shell. While this is an efficient method to determine the MS coupling constant renormalization which has allowed for the construction of the β-function at very high loop order, [30] , one does not have to apply a nullification. Instead it is possible to extract the MS coupling constant renormalization constant at more general momentum configurations. Indeed in the original MOM approach of [16, 17] the MS renormalization was carried out at the fully symmetric point at one loop. Moreover, in [20] this was used as a computational check on the extension to two loops as well as for the general off-shell case, [40] . However, in the context of MS and mMOM being similar this independence of the definition of the MS scheme to the subtraction point is what makes it akin to the mMOM scheme where a nullification is inherent in the construction. The MS scheme can be defined at a nullified point. In the context of perturbative quantum field theory this is somewhat unnatural. (We recall that we are using chiral quarks here.) Therefore, the coupling constant renormalization is being examined at a point where such entities do not exist as fundamental quanta. In other words the definition of the MS renormalization constant carries with it no connection of where it is defined. By contrast the MOM schemes of [16, 17] do since they incorporate information of the symmetric subtraction point through the inclusion of a finite part in the coupling constant renormalization constant. Moreover, as no external legs have been nullified there is no issue with the interpretation of the fields corresponding to fundamental particles. In another sense a momentum subtraction scheme would appear to be more natural for a physical coupling as the finite part could be regarded as a measure of the associated radiation. Therefore, in order to resolve some of these observations it would again seem necessary to extend the MOM β-functions of [16, 17] to four loops. While we have focused exclusively to this point on the Landau gauge for the MOM schemes for the reasons we stated earlier, it is worth considering the dependence on the gauge parameter as an exercise. For this we have analysed the MOMq scheme for various values of α and the same values of N f as before. For this investigation the same formalism is used where now the α dependent coefficients of the three loop MOMq β-function must be included and are available from [16, 17, 20] . Equally the α dependent MOMq three loop R-ratio is constructed from the three loop coupling constant map. As the MS R-ratio is gauge parameter independent we do not have to include the mapping of the gauge parameter variable from one scheme to another.
The gauge parameter dependence arises solely from the coupling constant map. In addition we also have to use the α dependent Λ parameter ratios which are straightforward to extract from the formulae given in [16, 17] . In order to assist with the comparison of earlier plots we give the same partial sums as before for two loops in Figure 8 and three loops in Figure 9 . In both the quantity al corresponds to the canonical gauge parameter α with α = 0 corresponding to the earlier Landau gauge results. The plots for that gauge are repeated in both figures as the benchmark to compare with. We have not provided comparison plots between loops since it is the variation in the behaviour for various α which is of interest. The largest value of α we have taken is 10 as anything beyond this has a significantly small Λ ratio. From Figure 8 for each value of N f a
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(x) gets progressively smaller as α increases. The main point is that as α increases the partial sum diverges from not only the Landau gauge MOMq value but also the MS value. This is more evident in the plots of Figure 9 where the non-zero α lines cover a broad range especially for relatively small values of x. If one recalls the earlier comparisons of MOMq for the Landau gauge with the other schemes while there is clearly not precise agreement there is not a broad range suggesting convergence. Such a convergence is difficult to perceive from using various fixed values for α as can be seen in Figures 8 and 9 which suggests the Landau gauge is the appropriate choice for a MOM scheme analysis. We have completed an analysis of the R-ratio in various MOM renormalization schemes. One motivation was to extend the early computations of [5, 6] to the next loop order since the two loop mappings of the coupling constants between the MS and MOM schemes of [16, 17] as well as the three loop MOMggg, MOMh and MOMq β-functions are now available, [20] . Another aim was to examine whether the observation of [5, 6] that the MOMq scheme led to an improved or better convergent series for a physical quantity held at next order.
In general terms it Figure 9 : Plots of a does not appear to be the case. By this we mean that from the numerical values, (3.7)-(3.10), while the magnitude of some of the MOMi schemes L-loop coefficients may be smaller than their MS counterpart, at the next order this position may be reversed. Indeed the sign of the corresponding terms is not preserved between schemes. This is not unexpected as there is no general reason why this should be. However, it could give the impression that convergence of the series in one scheme is better than another. This is not the case as can be seen from the various plots provided here. Once the running coupling constant as a function of the Λ parameter associated with that scheme is included, as well as its relation to Λ MS as the reference scale, then the partial sums plotted against the momentum scale are generally comparable across schemes.
Overall there is little difference between the results for large momentum as expected. It is at lower values where there are differences. However, the actual discrepancy is not significant. Moreover, within schemes there appears to be little difference for MS and mMOM between the three and four loop partial sums. At present the four loop MOMggg, MOMh and MOMq schemes can not be examined at this level but it would be worth pursuing. This is because of the fact that the MOM schemes are in some sense more physical in that they are defined at a subtraction point which is completely symmetric and the momentum configuration there is non-exceptional. Indeed this would resolve whether there is actually a difference between the MS and MOMq results as suggested in the N f = 6 plot of Figure 1 . By contrast the MS scheme is essentially independent of the momentum subtraction point and to all intents and purposes does not carry any information about the structure of the vertex which is encoded in the finite parts of the coupling constant renormalization in the MOMggg, MOMh and MOMq schemes.
In this context and from the plots mMOM is more akin to MS partly due to the fact that it is defined at a subtraction point which is exceptional. In carrying information about the vertex structure in the associated renormalization constant that information differs from the MOMggg, MOMh and MOMq schemes because mMOM has an off-shell leg. Within certain plots where the schemes were compared there is a suggestion that the exceptional based schemes are slightly different from the other three schemes. However, it is not possible to draw a definite conclusion on this before the full four loop MOMggg, MOMh and MOMq scheme β-functions are known. Though one conclusion which seems to be assured is that the Landau gauge is the gauge which one should only consider when applying the MOMi schemes. While we have focused on the Rratio here it would be interesting to examine high loop evaluations of other physical quantities in order to see if one can make similar or general observations about the MOM schemes of [16, 17] .
